
2-adic Valuation of Fibonacci-like Sequences
Erin Powell, Advised by Dr. Jane Long

Stephen F. Austin State University, Nacogdoches, TX

Erin Powell
Stephen F. Austin State University
Nacogdoches, TX
powellej2@jacks.sfasu.edu

Contact
1. Boultinghouse, W.; Long, J.; Kozhushkina, O.; Trulen, J.;

2-adic Valuations of Quadratic Sequences, Journal of Integer Sequences, 24 
(2021), 22
Available at https://cs.uwaterloo.ca/journals/JIS/VOL24/Trulen/trulen5,html

2. OEIS Foundation Inc. (2023), Entry A001043 in The On-Line 
Encyclopedia of Integer Sequences, https://oeis.org/A001043

References

We examine the 2-adic valuation sequences associated with two 
different Fibonacci-like sequences. Then utilizing eigenvalues and 
eigenvectors of the associated matrices, we create closed formulas 
for these Fibonacci-like sequences. A valuation sequence is then 
created which is the focus of this research.

Abstract
Prime Fibonacci-like Sequence: 

𝐹𝐹 𝑛𝑛 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑛𝑛 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑛𝑛 − 1 ,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑛𝑛0 − 1 = 2
This formula will generate an unbounded sequence. There are an 
infinite amount of prime numbers and as such this sequence can’t be 
bounded.
The valuation sequence of the Fibonacci-like sequence is unbound 
and definable. So that for any 𝑛𝑛 ∈ ℕ:

𝐹𝐹 𝑛𝑛 = 2ℓ𝑘𝑘 + 2ℓ−1, where k is a non-negative integer
Then the valuation will be:

𝜈𝜈𝑛𝑛 𝐹𝐹 𝑛𝑛 = ℓ − 1, ℓ ∈ ℕ

Doubled Fibonacci-like Sequence:
𝐹𝐹𝑛𝑛+1 = 𝐹𝐹𝑛𝑛 + 2𝐹𝐹𝑛𝑛−1

With the closed form:

𝐹𝐹𝑛𝑛 =
1
3
𝐹𝐹2(2𝑛𝑛 + −1 𝑛𝑛+1) + 𝐹𝐹1(2𝑛𝑛 + 2 −1 𝑛𝑛)

The doubled Fibonacci-like sequence is an unbounded sequence with 
the valuations depending on 𝐹𝐹2 and the relationship between 𝐹𝐹1 and 
𝐹𝐹2.
Case 1: 𝐹𝐹2 is an odd number. The valuation sequence will be 
𝜈𝜈2 𝐹𝐹1 , 0, 0, 0, …

𝐹𝐹𝑛𝑛 =
1
3

−1 𝑛𝑛 2 𝑗𝑗 − 𝑘𝑘 − 1 + 2𝑛𝑛 2𝑘𝑘 + 𝑗𝑗 + 1 ,𝐹𝐹1 = 𝑗𝑗,𝐹𝐹2
= 2𝑘𝑘 + 1

Case 2: 𝐹𝐹2 = 2𝐹𝐹1 The valuation sequence is defined as 
𝜈𝜈2 𝐹𝐹𝑛𝑛 = 𝑛𝑛 + 𝜈𝜈2(𝑘𝑘)
𝐹𝐹𝑛𝑛 = 2𝑛𝑛𝑘𝑘,𝐹𝐹2 = 2𝑘𝑘

Case 3: 𝐹𝐹2 ≠ 2𝐹𝐹1𝑎𝑎𝑛𝑛𝑎𝑎 𝐹𝐹2 = 2𝑘𝑘, 𝑘𝑘 ∈ ℕ The valuation sequence is 
bounded, but there is no general definition for n. The individual 
valuation sequences can be defined.

𝐹𝐹𝑛𝑛 = −1 𝑛𝑛 2
3
𝑗𝑗 −

1
3
𝑃𝑃 + 2𝑛𝑛

1
3
𝑃𝑃 +

1
3
𝑗𝑗 ,𝐹𝐹1 = 𝑗𝑗,𝐹𝐹2 = 𝑃𝑃

Introduction

For the first half of the project, we were focused on the background 
information and understanding. This resulted in most of the code and 
Excel files that were later utilized to find valuations sequences for the 
Fibonacci-like sequences. 
To find the closed-form equations of Fibonacci-like sequences, the 
methodology used was taking some matrix form of the recursive 
equation and calculating the closed form equation. The process used 
to find the cases of the valuation sequences was to manually enter 
various starting values into the closed form Fibonacci-like formula 
and observe the returning valuation sequence. These closed formulas 
gave valuable insight to the underlying behavior in the sequence 
itself.

Investigation Phase

Additional research into the third case of the doubled Fibonacci-like 
sequence to find some pattern to the associated 2-adic valuation 
sequences.
Further research into a general Fibonacci-like sequence where both 
the n term and n-1 term are multiplied by some variable.

Future Work

A 2-adic valuation involves taking an integer’s prime factorization. 
The exponent associated with the power of two is the integer’s 
valuation.

If 𝑛𝑛 = 2𝑘𝑘𝑎𝑎, gcd 2,𝑎𝑎 = 1
then 𝜈𝜈2 𝑛𝑛 = 𝑘𝑘

Example: 2-adic valuation of 18 is 1 as the prime factorization is 
21 ∗ 32 the exponent associated with 2 is 1.

Example: 2-adic valuation of 5 is 0 because no factors of 2 are 
present in the prime factorization.
Fibonacci-like sequences can be written in a simple recursive form 
where you add terms according to some rule.

Example: 𝐹𝐹 𝑛𝑛 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑛𝑛 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑛𝑛 − 1 ,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(0) = 2
This recursive formula is the most intuitive way to write a Fibonacci-
like sequence, however you wouldn’t be able to calculate the nth 
variable. Recursive formulas are easily transformed into matrix 
formulas, then these matrix formulas can be used to calculate closed 
formulas for Fibonacci-like sequences. The closed formulas are the 
basis of near all other calculations.

Results

\lim_{n\to\infty}
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Figure 2. Excel graph showing doubled Fibonacci-like 
valuation sequence with 𝐹𝐹1 = 3 and 𝐹𝐹2 = 6

Figure 1. Excel graph showing prime Fibonacci-like valuation sequence
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